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Abstract. In this article, we generalize some works of Bertolini-Darmon and Vatsal on anticyclotomic L- 
functions attached to modular forms of weight two to higher weight case. We construct a class of anticyclotomic 
p-adic L-functions for ordinary modular forms and derive the functional equation and the interpolation formula 
at all critical specializations. Moreover, we prove results on the vanishing of /^-invariant of these p-adic L- 
functions and the non-vanishing of central L-values with anticyclotomic twists. 
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■ Introduction 

I The purpose of this article is to generalize works of Bertolini, Darmon and Vatsal on anticycltomic p-adic L- 

' functions attached to modular forms of weight two to higher weight. First, we construct anticyclotomic 

(SJ , p-adic L-functions for ordinary modular forms and prove the interpolation property at all critical specializa- 



tions and the functional equation. In addition, following the ideas of Vatsal, we prove results on the vanishing 
, of the yu-invariant of this anticyclotomic p-adic L-functions and the non- vanishing modulo £ of central L- values 
Cs| ' with anticyclotomic twists. To state our results precisely, we introduce some notation. Let / g Sk(ro{N)) be 
an elliptic new form of weight k (even) and conductor N. Let p be a rational prime. Let K be an imaginary 
quadratic field of discriminant —Dk < 0. Then K determines a factorization 

^ ; N ^ p''''N+N- (p, N+N-) ^ 1, 

^ I where (resp. N^) is only divisible by primes that are split (resp. inert or ramified) in K. We assume that 

N~ is the square-free product of an odd number of primes. 

Fix a decomposition N^Ok — *Tt^9t+. For each finite prime, let eg(/) G {±1} denote the local root number 
of /, so eq{f ) = 1 \i q \ N , and £<;(/) is the eigenvalue of Atkin-Lehner involution at q if q\N . The global root 
number e(/) := £?(/)■ Let 

OO 

/(g) = 5^a„(/)c7" 



2-k 



be the g-expansion of / at the infinity cusp. It is known that eg(/) = —q~^ a.q{f) if q \\ N. Let Ap be 
a complex root of — ap{f)X + p^^^ \i p \ N (or — ap{f)X if p\N). Let Kl^ be the anticyclotomic 
Zp-extension over K and let — Gal{Kl^/ K) be the Galois group. Denote by recK '■ A]^- — > Cj^ the 



Date: March 2, 2013. 

The first author is partly supported by Grant-in-Aid for Young Scientists (B) No. 23740015 and Hakubi project of Kyoto 
University. The second author is partly supported by National Science Council grant 100-2115-M-002-012-. 

1 



2 



M. CHIDA AND M.-L. HSIEH 



geometrically normalized reciprocity law. Fix embeddings '■ Q C and Lp : Q Cp. To each locally 
algebraic p-adic character x : F" ^ of (p-adic) weight (m, — m) e Z^, we can associate a Hecke character 
X ■ A^/K^ — >■ of (archimedean) weight (m, — m) defined dy 

X(a) := ioof-p Hx(reci<r(a))(ap/op)'")(aoo/aoo)™, 

where Op G (K ®q Qp)^ and Ooo G (-^i" ®q R)^ arc the p-component and 00-componcnt of a. Wc call x the 
p-adic avatar of Let X"'* be the set of critical specializations consisting of locally algebraic p-adic characters 
X : F~ — > Cp of weight (to, —to) with 

-A;/2 < TO < k/2. 

Let be the ring of integers of the Hecke field of /. Fix a prime A of Q and let O/.a be the completion of 
Of with respect to A. Suppose that A is induced by bp (so A has residue characteristic p). Our first theorem 
is the construction of the anticyclotomic p-adic L-function attached to / with the explicit evaluation formula 
at critical specializations. 

Theorem A. Suppose that 

(a) p> k-2, 

(b) Ap is a X-adic unit. 

Then there exists a theta element ©00 € 0/,A[r~] and a complex number fi/,jv- € such that for every 
X € Xp^^ of weight (to, —to) and conductor p", we have the following interpolation formula: 

X{el) =T{k/2 + m)V{k/2 - TO) • ^(W X,fc/2) . ^^^^^ ^)2-ord,(iV) . pU ^-2n 



f,N- 



xul^-ep{f){-ir n (1 - • x(5T+), 

q\(DK,N-) 

where uk = 'i{0^)/2 and ep{f,x) is the p-adic multiplier given by 



1 ifn>0, 
(1 - x(P)p^^p - X{P)P^A-^) if n = andp = pp is split, 
1 — p*^"^ if n = and p = p is inert, 

1 — x(p)p^^p ^ ifn = and p = p^ is ramified. 



Remark. (1) The complex number ^f^N- is given by 

4fe-i^fc| 



where ||/||ro(Af) is the Petersson norm of / and ^/(A^+, A^~) € 0/,a is an integer connected with certain 
congruence number of /. The precise definition is given in (4.3). It is interesting and important to 
make a comparison between rJ/jv- and Hida's canonical period f2j attached to /. In general, we have 
Qf^j^-/ilf G Of,x. li k = 2, then under a mild hypothesis, Pollack and Weston [PWll] have shown 
that this ratio is a product of local Tamagawa numbers at primes dividing A''" modulo a unit in 0/,a- 
We will investigate this subtle problem in §6 for general weight k. 

(2) Theorem A indeed gives the construction of the anticyclotomic p-adic L-function that interpolates 
square root of central L-values. In the case k = 2, 600 is precisely the theta element ^00 (with trivial 
tame branch character) given by Bcrtolini and Darmon [BD96, p. 436]. Therefore, combined with the 
anticyclotomic Iwasawa main conjecture for elliptic curves [BD05], the usual control theorem and the 
comparsion between periods [PWll, Prop. 3.7, Thm. 6.8], the evaluation formula of 600 at the trivial 
character yields the optimal upper bound of the size of p-primary Selmer groups of certain elliptic 
curves over K in terms of central L-values as predicted by Birch and Swinnerton-Dyer conjecture. 

(3) The existence of Ap satisfying the assumption (b) is usually referred to the p-ordinary hypothesis for 
/, i.e. the p-th Fourier coefficient ap(/) is a A-adic unit. The hypotheses (a) and (b) are only used to 
assure the p-integrality of 600, and actually our interpolation formula (See Prop. 4.3) holds without 
this hypothesis. In particular, we verify [BDIS02, Conj.2.17], and hence remove the assumption in 
Theorem 3.4 loc.cit. 
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Let * : Of^xl^ 1 — ^ ^/.Ap ] be the involution defined hy a i-^ a ^. Then 600 satisfies the following 
functional equation. 

Theorem B. Let afyi+ be the image o/9t+ in F" under the reciprocity law vecK- Then we have the functional 
equation: 

0:o = ep(/M/)-©oo-a-i. 

Remark. In the case k — 2 and (Dk, N^) = 1, this theorem is proved in [BD96, Prop. 2.13] up to an element 
in r^. The theta element 600 obviously depends on the choice of an auxiliary decomposition iV+ = 9^+91+. 
The above functional equation suggests that the product |6oo| := ©oo • ©So be intrinsic. Combined with 
Theorem A, this verifies the formula of x(l©oo|^) in [BD96; Conjecture 2.12]. If x is ramified character of 
finite order and p | DkN, then the formula of x(|0| ) actually is a consequence of Gross special value formulae 
first obtained by B. Gross in a special case k = 2 and A'' is a prime and generalized by Shouwu Zhang [Zha04, 
Thm. 7.1] for fc = 2 and Haiping Yuan [Yua05] for k>2. 

In [Vat03, Thm. 1.1], Vatsal determines the /u-invariant of anticyclotomic p-adic i-functions for modular 
forms of weight two, which plays an important role in the proof of Iwasawa main conjecture for elliptic curves 
in the recent work of Skinner-Urban [SUlO]. They actually prove the main conjecture for modular forms on 
ro(A'') of weight k = 2 (mod p — 1) [SUlO, Thm. 3.6.4], and it seems that the assumption k = 2 (mod p — 1) 
would be lifted if Vatsal's result could be generalized to modular forms of general weights. Our second theorem 
provides such a partial generalization. 

Theorem C. Let pf^x ■ Gal(Q/Q) — t- GL2(£'/_a) be the Galois representation associated to f. With the 
assumptions in Theorem A, suppose further 

(1) {Dk,N-) = 1, 

(2) the residual representation p^ ^ absolutely irreducible. 
Then the Iwasawa p-invariant of 600 vanishes. 

Now we suppose that A has residue characteristic £ ^ p and consider the problem of non- vanishing modulo A 
of central L-values with anticyclotomic twists. We obtain the following result, which is a partial improvement 
as well as a generalization of [Vat03, Thm. 1.2]. 

Theorem D. Suppose that | TV and {Dk, N~) = 1. Let £ be a rational prime such that 

(1) £\pNDk ande>k-2, 

(2) is absolutely irreducible. 

Then for all but finitely characters x : r~ — >■ jipoo , we have 

W^^2Cm^0imodX). 

Remark. Theorem D removes the assumption on p f Dk and the p-indivisibility of the class number of K in 
[Vat02, Thm. 1.4]. Moreover, it shows the finiteness of the ^-primary Selmer groups of elliptic curves over K^o 
in virtue of [LVIO]. 

The construction of the theta element Ooo follows the classical approach of Bertolini and Darmon. We briefly 
describe as follows. Let B be the definite quaternion algebra over Q of the discriminant —N~ and let R be an 
Eichler order of level N/N~ . Let tpf : B^\B^/ — Sym'^~^(C^) be a vector-valued automorphic new form 
on B attached to / via Jacquet-Langlands correspondence. For each positive integer n, let 0„ = Z -|- p^Ok 
be the order of K of conductor p" and let Gn = Ga\{Hn/K) be the Galois group of the ring-class field of K of 
conductor p". Then the Picard group Pic On will be called Gross points of level p", which is a homogeneous 
space of Gn- Our hypothesis on N assures that there exists an optimal embedding in ■ K ^ B with respect 
to {On,R), which in turn induces a map /,„ : PicO^ B^\B^/R^ . Fix a distinguished point P„ € PicOn 
and let be the regularized Gross point (See §4.2). Under the ordinary assumption, it can shown that (pf 
can be normalized so that (/?/ takes value in Of^\ at regularized Gross points. Define 

e„ = ^ a ® ^fiinHP^))) e Of,x[Gn] ®Of,, Sym'=-2(02 J. 



4 



M. CHIDA AND M.-L. HSIEH 



Then |0n| is compatible with respect to the natural quotient Qn+i ^ Gn- Then we obtain Q^o by taking 
the limit {e„} e Of^xlG^j Sym'"'^ (Oj^^), where Goo = ^^Gn- The Galois group T" = Ga\{K-/K) 

is the maximal Zp-free quotient of Goo- Let G A be projection of Goo obtained by the quotient map 
Goo — > r^. The module Sym'^^'^(C'j has a natural O/^A-basis {v^} indexed by integers — fc/2 < j < k/2 
(See (2.9)), and we can write 

0^= E (eWGA = 0/,,[r-i). 

-fc/2<j</s/2 

If X lias weight {m,—m) with — fc/2 < m < A;/2, the evaluation of x(0oo^)'^ indeed can be translated to an 
explicit Waldspurger's formula. More precisely, write 

-fc/2<j<fc/2 

Each (^^'1 : ^ C is an automorphic form on B ^ . Let (/j^. be the p- stabilization of (/Jj"' with respect to 

Ap. Then x(0c»') is essentially the global toric period given by 

P{^\,X)^ f ip){in{t))x{t)dt. 

The evaluation of P{^\, x)^ is a product of local toric period integrals by the fundamental formula of Wald- 
spurger [Wal85, Prop. 7]. We make explicit calculation of these local integrals. The new input is the calculation 
of the local toric integral of the p-stabilized local new vector at p. It is no surprise that the p-adic multiplier 
ep{f,x) is contributed by this local integral. The theta element in Theorem A is defined to be 6oo := B^. 
Note that Waldspurger's formula only computes x(0oo) for finite order characters x- To obtain the formula 
of x:(0oo) for all characters x S Xp^*, we show that xi^oo^) actually is independent of m by the congruences 
among Q^^^ (Cor. 4.5). 

The proof of Theorem C is based on the uniform distribution of CM points in the zero dimensional Shimura 
variety attached to the definite quaternion algebra B, which is the idea of Vatsal in his study on the non- 
vanishing of anticyclotomic central i-values of weight two modular forms. In the higher weight situation, our 
idea is to use the congruences among modular forms. Roughly speaking, we construct a weight two Fp-valued 
modular form fp such that the evaluations of fp and ip^j^ at Gross point are congruent to each other. We thus 
reduce the problem to fp, for which the approach of Vatsal can be applied. Since the form fj, is not a new form 
in general, we have to use a stronger uniform distribution result [CV05, Prop. 2.10] and slightly generalized 
Ihara's lemma (Prop. 5.5). The proof of Theorem D is based on the same idea combined with a Galois average 
trick. 

This paper is organized as follows. After fixing basic notation and definitions in §1, we give a brief review 
of modular forms on definite quaternion algebras and an adelic description of Gross points in §2. In §3, we 
give the explicit calculation of the toric periods of p-stabilized modular forms based on Waldspurger's formula 
(Prop. 3.5). The local toric integral at p is carried out in Prop. 3.10, and the final formula is summarized in 
Theorem 3.11. In §4, we give the construction of theta elements (Def. 4.1). The fimctional equation is proved 
in Theorem 4.8, and the evaluation formula Theorem 4.6 (Theorem A) is obtained by combining Prop. 4.3 
and the congruence property Cor. 4.5 among theta elements. In §5, after preparing a key result of Vatsal- 
Cornut on the uniform distribution of CM points and Ihara's lemmas, we prove our Theorem C (Theorem 5.7) 
and Theorem D (Theorem 5.9). Finally, in §6 we give a sufficient condition (Prop. 6.2) under which the 
complex number ^f^N- equals Hida's canonical periods 0/ up to a unit in 0/,a, applying techniques of Wiles, 
Taylor- Wiles and Diamond in their proofs of modularity lifting theorems. 

Acknowledgments. This project was initiated when the first author visited Taida Institute of Mathematical 
Science. He would like to thank for their hospitality. 
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1. Notation and definitions 

1.1. If L is a number field, Ol is the ring of integers of L, Al is the adele of L and Alj is the finite 
part of Al- Let A = Aq. Let V = IlV'q be the standard additive character of A/Q such that tp{xoc) = 
exp(27rixoo), e R. 

For each rational prime £, we will fix once and for all an embedding : Q ^ C and an isomorphism 
i : C ~ , where Ce is the completion of an algebraic closure of Q^. Let Li = Uoo : Q M- be their 
composition. Let ord^ : Cp — >■ Q U {oo} be the £-adic valuation on normalized so that ord^(f) = 1. We 
regard L as a subfield in C (resp. C^) via too (resp. Li) and Hom(L, Q) = Hom(i, C^). 

Let Z be the ring of algebraic integers of Q and let Ze be the f-adic completion of Z in C^. Denote by Z 
the finite completion of Z. For an abelian group M, let M := M 0z Z. 



1.2. Measures on local fields. We fix some general notation and conventions on local fields used in §3. Let 
g be a place of Q and let F be a finite extension of Qq. If F is non-archimedean, we usually denote hy wp sl 
uniformizer of F. Denote by Op the ring of integers of F. Let Dp be the discriminant of F/Qg. Let |-|^ be 
the absolute value of F normalized by \x\p = |N^/Q_^(a;)|^. We often simply write \x\ — \x\p for a; G -F if it 
is clear from the context without possible confusion. Let tp : A/Q be the additive character such that 

tp{xoo) = exp(27ria:;). Let tpq be the local component of V' at g and let tpF '■= V'g ° Ti?/Q^, where Tp/Q^ is the 
trace from F to Qg. 

Let dx be the Haar measure on F self-dual with respect to the pairing {x,x') h- > ijjp{xx/). If F is non- 

archimedean, then vol{Op,dx) = |-Df|q • We recall the definition of the local zeta function Cf(s)- If F is 
non-archimedean, then 

Cf{s) = - ^ 



I \s ' 
■ — I^FliT 

If F is archimedean, then 

Cr(s) = rR(s) := 7r-«/2r(s/2); Cc(s) = rc(s) := 2{2tt)-'T{s). 
The Haar measure d^x on F^ is normalized by 

d^x = Cf(1) I^^^If^ dx. 

In particular, if = R, then dx is the Lebesgue measure and d^x = \x\^ dx, and if -F = C, then dx is twice 
the Lebesgue measure on C and d^x = 2-K~^r~^drd6 {x = re'^). 



1.3. i-functions. Let F be a non-archimedcan local field. Let tt be an irreducible admissible representation 
of GL2(F). Let L{s,Tr) and e{s,TT,ipp) be the associated local L-function and local epsilon factor respectively 
([JL70, Thm.2.18 (iv)]). 

Let i? be a quadratic extension of F. We write ivp for the base change of tt. Let //,. ;y : F^ be two 

characters of F^ . Suppose that either tt = 7r(/x, v) is a principal series if ^ | • |^ or tt = c7(/x, v) is a special 
representation if fiu~^ = |"|- Let x '■ — )-C^ be a character. We recall the definition of local L- functions 
L{s,TrE O x) ([Jac72, §20]). IiE = F®F, then we write x = (Xi,X2) : F"" ® F"" ^ C and put 



L{s,'!rE'»x) = 



If F is a field, then 



L{s,TrE'»x) 



L(s,7r(g)xi)-^(s,7r0X2) if M'^ ^ ¥= 
L{s, fiXi)Hs, IJ.X2) if IJ-v'^ = 



Lis,i,'x)L{s,u'x) if/xj^-iy^l-l^, 
L{s,ii'x) if /xz^-i = H- 



Here /x' = o Ne/f, u' = uo Ne/f are characters of . 
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1.4. Whittaker functions on GL2(Qq). Let g be a place of Q and let tt be an admissible irreducible 
representation of GL2(Qg) with the trivial central character. We let W(7r, V') be the Whittaker model of tt 
attached to the additive character ^ = : Qg ^ . Recall that W(7r, tp) is a subspace of smooth functions 

W : GL2(i^) ^ C such that 

(1) W{ f J ^) g) = ^{x)W{g) for all x e Q,. 



(2) If q is the archimedean place, W{ \^ ij ~ ^(1*^1*^) some positive number M. 
If Qq is non-archimedean and A'' is a positive integer, we put 



Uo{N)q 



Let c be the conductor of tt. Let be the normalized Whittaker newform characterized by W^(l) = 1 and 
W^{gu) = W„{g) for all u G C/o(c)g. If Qg = R and tt is a discrete series of weight k, then the normalized 
Whittaker new form € W(7r, tp) is defined by 



^-(^ ( III - sin. Zo ) ) = • 



1 X 



(a, z e R^, a;,6' e R). 

Recall that the zeta integral *(s, W, x) for W G yV(7r, ?/;) and a character x '■ Qq — >^ is defined by 

ns,W,x) = J^^W{(^^ J))x(«)|ar^rfxa (s e C). 

Then ^{s, W, x) converges absolutely for Re s and has meromorphic continuation to the whole s G C. If 
X is unramified, then 

(1.1) ■^{s,W^,x)=L{s,Tr(3x)- 

2. Gross points and modular forms on definite quaternion algebras 

2.1. Let K be an imaginary quadratic field with the discriminant —Dk < and let 6 = \J—Dk- Write zy^l. 
for the complex conjugation on K. Define € ii' by 

Then Ok = Z + Z • and 69 is a local uniformizer of primes that are ramified in K . Fix positive integers N'^ 
that are only divisible by prime split in K and N~ that are only divisible by primes inert or ramified in K. 
We assume that 

N~ is the square-free product of an odd number of primes. 

Let B be the definite quaternion over Q which is ramified precisely at the prime factors of N~ and the 
archimedean place. We can regard ii" as a subalgebra of B. Write T and N for the reduced trace and norm 
of B respectively. Let G = B^ be the algebraic group over Q and let Z = be the center of G. Fix a 
distinguished rational prime p such that 

p\N+N-. 

Let p be the prime of K above p induced by tp : M- Cp. Choose a basis oi B = K ®K ■ J over K such that 

• J2 = ^ e Q"" with /3 < and = tJ for all t e K. 

• (3 G (Z^)2 for all q \ pN+ and /3 G for q\DK. 

Fix a square root ^/P G Q of For each finite place q\pN^, we define the isomorphism iq : Bq :^ M2(Qg) by 

For each finite place q\pN, we fix an isomorphism iq : Bq := B (g)Q ~ M2(Qg) such that 
(2.1) ig{J) e GL2(Zg), iq{{OK Zg)><) c GL2(Z,). 
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Hereafter, we shall identify Bq and G(Qg) with M2(Qg) and GL2(Qg) via iq for finite q \ N . Finally, we 
define 

iK-.B^ M2{K) 

(2-2) ^-r . , , ,^ (a hB\ , ^ 

a + bJ ^ ixia + bJ) := _j {a,b € K) 

and let ic ■ B M2(C) be the composition ic = i-oo ° ik 

2.2. Optimal embeddings and Gross points. Fix a decomposition N~^Ok = Vt'^Vt+ once and for all. 

For each finite place q] p, we define S G{Qq) as follows: 

=1 ifq\pN+, 

^^■^^ =S-^ (J ^ e GL2(Js:q) = GL2(Qg) if 5 = qq is split with q|0I+. 

For g G B, we put 

If g|iV+ and t = {ti,t2) € Kg := K ig)Q Q, = isTq © -ftT,, then 

(2.4) I 

For each non-negative integer n, wc choose ^p'^' G G'(Qp) as follows. If p = pp splits in K, we put 

(2.5) 4"^ = (l ~0^)(^o" J) e GL2(/^p) = GL2(Qp). 
If p is inert or ramified in K, then we put 

(-) 4"'=(-i ;)(": ; 

Define a;„ : G(A) by 

(2.7) a;„(a):=a.c(") (^'"^ := H ^9)- 

This collection {.T„(a)}^g^x of points is called Gross points of conductor p" associated to /T. 

Let On = Z +p"Ox be the order of K of conductor p". For each positive integer M prime to N~, we 
denote by Rm the Eichler order of level M with respect to the isomorphisms {ig : Bg ~ M2(Qg)}g|^_. It is 
not difficult to verify immediately that the inclusion map K ^ B is an optimal embedding of 0„ into the 
Eichler order B D ?(")-Rm(c^"^)"^ In other words, 

(2.8) {Bn^^"^RM{&^)-^)nK = On. 

2.3. Modular forms on definite quaternion algebras. Let fc > 2 be an even integer. For a ring A, we 
denote by Lk{A) = Sym'^~^(A^) the set of the set of homogeneous polynomials of degree k — 2 with coefficients 
in A. We write 

(2.9) Lk{A)= A-Wm (v™:=X^-™F^+™). 

-■|<m<-| 

We let pk ■ GL2(A) — >■ Aut^ Lk{A) be the unitary representation defined by 

Pk{g)P{X, Y) = det(5)-^ . P{{X, Y)g) {P{X, Y) e Lk{A)). 
If A is a Z(p)-algebra with p > k — 2, we define a perfect pairing ( , )fe : Lk{A)xLk{A) Ahy 
iS^n^ \-h^ \ - n h ( iN^+m r(fc/2 + m)r(fc/2-m) 

i j -fe/2<m<fe/2 ^ ' 
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This pairing is GL2(A)-equivariant, i.e. For P, P' E Lk(A), we have 

{Pk{9)P,Pk{9)P')k = {P,P'}k- 
Via the embedding ic in (2.2), we obtain a representation 

Pk,oo ■■ G(R) = (B R)^ ^ GL2(C) ^ Ante Lfe(C). 

Then C • v„j is the cigcnspace on which pk,oo{t) acts by (t/t)™' for t G {K (E)q C)^. If A is a Q-algebra and 
U C G{Af ) is an open-compact subgroup, we denote by Mfc(C/, A) be the space of modular forms of weight k 
defined over A, consisting of functions / : G{Af) — )• Lk{A) such that 

f{agu) = Pk,oo{a)f{g) for all a G G(Q), u G U. 

The right translation makes Mfe(^) := lii^^ Mfc(f/, A) an admissible G(A/)-representation. 

Let A{G) be the space of automorphic forms on G(A). For v S Lk{C) and / S Mfc(C), We define a 
function *(v (g) /) : G(Q)\G(A) ^ C by 

(2.10) *(v (g> f){g) (pfc,„o(ffoo)v, /(.9/))fc. 

Then the map v (g) / i->- ^'(v ® /) gives rise to G(A)-equivariant morphism -Lfe(C) (g) Mfe(C) — )■ ^(G). Let w 
be a unitary Hecke character of Q. We let 

M.k{U,uj, C) = {/ e Mfe([/, C) I f{zg) = oj{z)f{g) for all z € Z{A)} . 

Let Ak{U,u), C) be the space of automorphic forms on G(A) of weight k and central character co, consisting 
of functions >!'(/ (g) v) : G(A) — >• C for / e Sk{U,LO, C) and v G Lfe(C). Denote by 1 the trivial character. For 
each positive integer M, we put 

Mfc(M,C) =Mfc(i?]^„l,C), 
Ak{M,C) =Ak{K,hC). 

3. Special value formula 

3.1. Global setting. Let tt be an unitary irreducible cuspidal automorphic representation on GL2(A) with 
trivial central character. Henceforth, we make the following assumptions: 

• The archimedean constitute tToo is a discrete series of weight k; 

• The conductor of tt is iV = p^^N+N-; 

• OTdp{N) =np<l p2 I jY. 

Let tt' = (SiTTg be the unitary irreducible cuspidal automorphic representation on G(A) with trivial central 
character attached to tt via Jacquet-Langlands correspondence. Then we have 

(1) The archimedean constitute tt^ ~ (Pfc.oo, -^fc(C)) as G(R)-modules, and tt^ is a unramified one dimen- 
sional representation for q \ N~ . 

(2) The local constitute tt^ = Tip is cither an unramified principal series 7r(/Zp, Up) or an unramified special 
representation a{fj,p.i^p) with ^ipUp^ = I'Iqp" 

3.2. j3-stabilization of new forms. Let tt^ denote the finite constitute of tt'. Let 

Nb =p''''N+ = N/N- 

and let R := Rnb be the Eichler order of level Nb- The multiplicity one theorem together with our as- 
sumptions in particular imply that tt^ can be realized as a unique G(A/)-submodule M/j(7r^) of Mfc(C) and 
Mk{NB, C)[7r^.] := Mfe(7r^)nMfc(7VB, C) is one dimensional We fix a nonzero new form f„> G Mk{NB, C)[7rj]. 
Throughout this section, we fix an integer m such that 

-k/2 <m< k/2. 
Define the automorphic form € Ak{NB, C) by 

r 1 J YTh ^ — ^ 
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We shall simply write (/J^r' for (^|^' for brevity. Set 

Define the p- stabilization f\, with respect to Oi-p clS follows: lip\N, let fl, = and iip\N, let 

For / G Mfc(A^B, C), recall that the (7p-operator on / is defined by 

f\U,{g)= Yl /(^(S i))- 
xez/pz ^ ^ 

Thus /|, is an ?7p-eigenform with the eigenvalue ap. Let (p]^, be the ^-stabilization of ip^' given by 

(3.2) y^l := *(v:, ® 4,). 

By definition, one can verify that 

(7 e ^^^a = (aoo,a/) e u e 6^ ). 

3.3. The Petersson inner product of new forms on GL2(A). For each place of Q and let W^^ be the 

Whittaker new forms normalized so that W^r, (1) = 1. Let tp.^ be the normalized new form in n. In other 

words, 



aeQ 

Let — YlqT^ e GL2(A) be the Atkin-Lehner element defined by = and = ^ ^ q 

if g ^ cxD. Let d^g be the Tamagawa measure on GL2. We put 

(</^7r,V'7r)GL2 := j ip^{g)(pn{gT^)d* Q. 

AX GL2(Q)\GL2(A) 

To give a formula of ((^td </'7r)GL2) we define the GL2(Qq)-equivariant pairing bg : W{Trq,ipq)xW{Trq,ipq) C 

by 

(3.4) hqiW„W,):= J^^W,{(l J))d^a. 

The convergence of this integral follows from the fact that Wq is the local constitute of a unitary cuspidal 
automorphic representation. Let ||iy?7r||g be the local norm of at q defined by 

(3-5) ■■= .„n?r;fi.^^ • \iW^.Mr^)W.J. 



It is not difficult to deduce from [Wal85, Prop. 5] that 



2L(l,Ad7r) 

■I'fTr/GLj = 

Define the local root number e{TTq) by 



eK) := £ {±1}. 

The following lemma is well-known. 

Lemma 3.1. Let q be a finite place. We have ^{Tq )W„^ = e{7rq) ■ W.^^ . 
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Proof. We suppress the subscript q and write n = iTq and tp = ipg for brevity. Since 7r(T^)H^^ is also a 
nonzero new vector of tt, we find that 7r(T^)W7r = C ■ W„ for some constant C G . Recall that we have 
the local functional equation [JL70, Thm. 2.18 (iv)]: 

— s,7r) L{s,-i:) 
where W{g) := W{g (^^i o) ^ ^ W(7r, ijj). To evaluate C, we compute the zeta integral: 
C ■ *(s, W^, 1) = ^(rf 1) 

= \Nri -^{8,^^,1) 

= \Nr-- . e(l - s, n, i,)-Mi2lL_ . ^(1 _ s, W^, 1). 

H^L — S,TT) 



It follows from (1.1) that 



C = |Arr-^.e(l-s,7r,V) = e(^,7r,V). 



This completes the proof. □ 
Lemma 3.2. We have ||i^7r||g = 1 for finite q\N and ||<^7r||oo = 2~^~^. If q\N~ , then 

ll<^7r||g = e(7rg)-(l + |g|)"^ 

Proof. The assertions for q \ N and q = oo are straightforward. Suppose that q\N~. Then tt = tt^ is a 
unramified special representation, and L(l, AdTr) = Cq, (2)- By Lemma 3.1, we have 

= e(^,7r,V)i(l,Ad7r). □ 
The Petersson inner product ||</?7r||ro(Af) V-t is defined by 

MToiN):=yol{Uo{N),d'gr'- J \M9)fd'g, 

AX GL2(Q)\GL2(A) 

where Uo{N) = 0(2, R)x n,<oo ^^0(^)9- Note that 

vol([/o(iV),d*3)-i = CQ(2)iV[](l + 

q\N 

We have the following proposition: 
Proposition 3.3 (Thm. 5.1 [HidSl]). We have 

L(i,Ad.)=iiv..ikw2'=iv-. n .1 , II • 

Proof. By (3.6) and Lemma 3.2, we have 

/,n ,n \ - 2^(1, Ad tt) yr ejlTg) yr 
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On the other hand, it is well known that 

'Pnigr^) = e(7r/) • (p^{g) (e(7r/) := e{Trg)), 

q<oo 

and hence 



{V7r,<fiw)Gi.2 =e(7r/) • yol{Uo{N),d*g) ■ \\^n\\r„(i 



-|KllroW^^-ll^^_,. 



N) 



Combining these formulae, we find that 



L(i,Ad.)=2'=iv-ii^.iK(.). n n+f-"L II • ° 

3.4. Local toric integrals. For each place q of Q, denote by tt^ the local constitute of tt' at q. 

Definition 3.4. Define the new vector <fq S tt^ as follows: 

(a) if g = oo, then is a multiple of e Lfc(C) ~ tt^, 

(b) if q I N~ , then t/jg is a basis of the one dimensional representation tt^ of G(Qg), 

(c) if g t then 99^ is fixed by {R Oz Z^)^ ~ Uo{N)q. 
Let = (^q if either q^p or q = p\ N and let 



Define the local Atkin-Lehner element G G'(Qq) as follows: = J for gjooiV , = 1 for finite 
place q \ N and Tg^« = ^ ^ if q\NB- Let t^^ := Jl '^q^'' ^ G(A). Since tt' has trivial central 

character, n'q is self-dual. Hence, there exists a non-degenerate G(Qg)-equivariant pairing ( , )g : Tr^XTTg — >■ C. 
This pairing is unique up to a nonzero scaler. 

For g e G{Qq) and a character x '■ Kq — >■ C^, we define the local toric integral for the new vector ipq by 



An important observation is that the number P{g, fq, x) does not reply on the choice of the pairing ( , )g, only 
depending on x and the line spanned by ipq. 

3.5. Waldspurger's formula. Let x '■ ^^\-^k — >^ be an anticyclotomic Hecke character of archimedean 
weight (m, — m). Namely, 

-j {-k/2 <m< k/2). 

Let -kk be the automorphic representation on GL2{Ak) via the quadratic base change of tt and let L{s, ttk^X) 
be the automorphic L-function of tvk <S) X> which satisfies the functional equation 

L(l - s, ttk (g) x) = ttk x)L{s, ttk O x)> 

where e(s, Tr^igix) = Ilg ^('^1 '^K^'^Xgi'^'K^) is the product of local cpsilon factors. Let A{Tr') be the automorphic 
realization of tt' in A{G). For e -^{tt') and g e G(A), define the global toric period integral by 

P{9,V,x)-= J ip{tg)x{t)dt. 

Here dt is the Tamagawa measure. For (pi,(p2 G A^n'), we define the G(A)-equivariant pairing: 

{^1,^2)0= ifii{g)(p2{g)dg, 

■/G(Q)X(A)\G(A) 
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where dg is the Tamagawa measure on G/Z. By the new form theory, ip^i is characterized uniquely up to a 
scaler by the equations 7r'(-R^)(/3jr' = Vtt' and 7r^(t)v?,r' = (i/i)™¥'7r' for t G C^, so we have t^' {T^'^)<-P-K'{g) = 
C ■ iPn'id) for some constant C G . This in particular implies that 

Since ( , )g is a nonzero multiple of the product 0g( , )g, we have 

(3.8) {ipq,iT'{Tg'^)(fiq)q ^ for cach place q. 

We shall make use of the following version of Waldspurger's formula, which expresses the global toric period 
integral as a product of local toric integrals. 



Proposition 3.5. We have 



where q runs over all places of Q. 

Proof. Fix an isomorphism i : tt' ~ '^qT^'q such that i{(f-^') = <E)qfq for cpq chosen in Def. 3.4. Set 

<Pi = 7r'(c("))(p]^,, (p2 = 7r'(J^("))<^]^,, (p3 = (fi.^' and <^4 = 7r'(r^-s)(^7r'. Let i{ifii) = (S)qipi,g. rLet x be the 

character defined by x{t) = x(*)- Note that P(l,^i,x) = Pi<;^"\<fil,x) and P(l,^2,x) = P{<^^"\<fil,x)- It 
follows from Waldspurger's formulae [Wal85, Prop. 4, Prop. 5, Lemme 7] that if {ips, (^4)0 7^ 0, then 

P(l,y)i,x)P(l,y2,x) Cq{2)L{^,ttk<^x) y1 p r ^ 

— ^^;:Wc — = 2L(i,Ad.) — lK.(^i''^^''^3,^4,x), 



L{l,Adnq)L{l,TKJClJ f {'n'{tq)ipi^q,ip2,q)q 



where 

Pq{(pi,<P2,'fi3,V4,X)=—rri T^TT' / / \ X{tq)dtq. 

L{^,T^K,(S)XqKciA^) Jk^/Q} m,q,V>i,q)q 

Moreover, Pg(<^i, (^2, <^3, ¥'4) X) = 1 for all but finitely many q. The proposition follows immediately. □ 
Let Cl{R) be a set of representatives of B^\B^ /R^Q^ in = G{Af). Define the inner product of 

by 

(3.9) {U',Mr:= ^■{U'i9),U'{9T''-))k {Tq := {B>' n gR>^ g-'Q^)/Q>^). 

geCl(R) ^ S 

Let eqi^K^x) '■= e(f J ttk, ^ Xg, V'if,) ^ {±1} be the local root number of (81 Xg- 
Corollary 3.6. Suppose that x is unramified outside p. Then we have 

f(c SV'^a) • 77 r\ = ^ ■L{-,ttk'»x)- 11 (l-eg(7rif,x)) 



X n ^('^9'Vg.Xg) • 
Proof. By Schur orthogonality relations, we have 

((/?^',7r'(T^«)(/?„/)G = V Tfp--/ {Pk,<>o{goo)^*rnJ-K'{9))k- {pk,oo{gooJ)'V*rn,U'{9'rf''))kdgo 

seCKfl)"^ iG(R)/Z(R) 

sOT^^s dimcLfe-2(C) 

ir r \ (-l)^-D^"^(Vm,Vfe-„-2)fe 

- {U',U')r (fc-^T) ■ 
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Recall the Eichler mass formula: 

E j^=^-*n('-'-')n('+»-'). 

geCl{R) •* » q\N- q\NB 

from which and the fact that the vol(G'/Z, dg) = 2, we deduce that 

(3.10) {^^,y{r-^)^.,)a = {U',U'U- ^"'^'^''^ri^"^'""'"^' -rr^- 11 Cq,(i) n(i+5"')"'- 

^> ^^^^^^^ g\N- g\Ns 

Combining with Prop. 3.3, Prop. 3.5 and (3.10) , we find that 

P(An) ^1 MroiN) _ 2^-'^D'k-\{-irnk/2 + m)r(fc/2 - m) 1 

geS g|JV- g|pJV+ 



e(7r,) 



We proceed to compute the local toric integrals 'P{<;lP'^ .,ipq,Xq) for 9 t pN~^. At the archimedean place, 
= Pfe,oo and Xco(i) = (V^)'"- In addition, r^^ = J and (fi^o = is characterized by pk,oo{t){vm) = 
Xoo(i)~^Vm for t e C^, so we have 

(P. oo(^)v^,p.^^(J)v ), _ ^^^^^ ^ ^ ^ ^ ^ ^ 

Pfc,oo(.Too )VTO;fe 

Recall that 

i(l, AdTToo) = 2i-'=7r-('=+i)r(fc); i(^,7r^ ® x) = rc(fc/2 + m)rc(fc/2 - m). 
We conclude that 

(3.12) V{l,Vm,Xoo) = ^ ,^ /o ^•VOl(CX/R^rf^)= ^^''^ 



27rr(A;/2 + TO)r(A;/2-rn) v / > ; 7rr(fc/2 + m)r(fc/2 - m) " 
If q\pN, then is the spherical vector in tt,, and by [Wal85, Lemme 14] 

(3.13) V{^q,Vq,Xq) = \DK\l- 

Suppose that q \ N~ . Then tt^ = ^ o N is the one dimensional representation of a unramified quadratic 
character ^ : — >^ , and tt^ = ct(^| • | ^ , ^| • | ^ ), and a simple calculation of local root numbers shows that 

Xq{'^Kg)£,{q) + eqi'n-K,x) = and eg(7rx,x) = -1 if Kq/Qg is unramified. 
Therefore, we find easily that 

V{l,^q,Xq) =(1 - kl) • {l+Xq{^KMl))L{hrE/F)yoliO>^/0^,dt) 

(3.14) l^^l 1 1 1 ... Kg/Qq is unramified, 

' * \ (1 - £9(7^^: > X)) • • • Kg/ Qg is ramified . 

Combining (3.12), (3.13), (3.14) and (3.11), we obtain the desired formula. □ 

3.6. Local toric integrals at q \ pN~^. In this subsection, we carry out the computation of the local 
toric integral 'P(?q"\ '/'g, Xg) using the Whittaker model for q \ pN~^. Let F = Qg and E = Kg and write 
TT = TTg ~ TTg, X = Xg and V = V'g for brevity. Define the toric integral for Whittaker functions W e >V(7r, V') 
by 

\Dk\-^ L{1,te/f) _ 
Lemma 3.7. Let := ('^^"V^'^'??"^- For q\N+ , we have 



P{W,x) ■■= l^^l '^/^'''^/^^ • / hq{-K{t)WMJ)W) ■ X{t)dt. 



7r(j("))^,=e(7r)^((^Q^ j))^,. 
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Proof. A straightforward computation shows that 

Thus, by Lemma 3.1 we have n{Jq^^)(fq = '"'(^^ ^)''^{'''^)'fiq = ^(''■)7r(^'^ ^)'Pq- ^ 
Proposition 3.8. Let q \ N~^. Write q = qq in K with q | If x is unramified, then we have 

\Dk\^ e{Tr) 

Proof. Since q\p is spht in E, we have L{1,te/f) = Cf(1), \Dk\ = 1 and Cg"^ = Cg- By definition (3.5), 

Write X = (XqiXq)- ^ straightforward computation shows that 

P(7r(^9)VF.,x) = ^^^^ ?))^-(( j))Xq(ii)d"adXii (by Lemma 3.7) 

= X,{N+)e{^) j^ j^^W^{(^l ?)^-((o j))Xq(ii)x^^(a)rf"ad"ii 
= Xq(iV+)e(^)vI'(i W-^,X,)«'(^,W^.,X^') 

= Xq(^+M7r)-L(i,7rB®x)- 

The last equahty follows from (1.1). □ 

We continue to compute the local toric integral at the place q = p. Recall that we assume tt = tt^ is a 
unramified principal series TT{^p,i'p) or a special representation <j{iJbp,Vp) with unramified character jip and 
jJ-pVp^ = M- Let Xp be the Iwahori subgroup given by 

^^ = {^= (c 2) eGL2(Zp)|cepZp|. 

Define the local Whittaker function € >V(7r,-0) by 



%n(o j))=Mp|-|M«)Iz,(a). 



It is not difficult to see that is invariant by Xp and is an i7p-eigenfunction with eigenvalue ap = iip{p) \p\ 
If TT is unramified, then 



If TT is special, then it is well known that 



(3.15) W^ = W^ and 7r{(^^^ ^^)W„ = -apW^. 
We have 

(3.16) ^(^i"',¥'„x) = • \ , ■ PiA4''^)W;,x). 

' II'/'ttIIp L(^,7rB0x) ^ ^ 
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ep(7r,x) = < 



Definition 3.9. Define the j3-adic multiplier ep(7r, x) by 

'1 if Xp is ramified; 

(1 - ^X(P))(1 - "p ^X(P)) if Xp is umamified, p = pp is split; 
1 — ttp^ if Xp is unramified, p = p is inert; 

, 1 — a~^x{p) if Xp is unramified, p = p^ is ramified 

(c/. [BD96, §2.10]). 

Proposition 3.10. Suppose that x has conductor p^ . Let n = max{l, s}. Then 

f i-i/-/Jn)\rjri _ \ _ / \2-ord„(N) r /i _ \2 ] '^vP ^ ■ ■ ■ S = 0, 



Therefore, by (3.16) we have 

-DfAn) ,„ ll'^^llp ^ ^A2-ordp(Af) t/t ^ \2 J "pP ^ ■ ■ ■ S = 0, 

>^(^p .V'p^X) r = -ep(7r,x) ^ • T£;/i.) ■ < '_ 

\Dk\^ [p ■■■s>0. 

Proof. For t e E,we put 



4")(t) := {4-^)-h{t)4-K 

It is easy to see that (J) e Ip if n > 1. 

Suppose that p = pp is split in E. Recall that S = 9 ~ € O^^ = . A direct computation shows that 

'1 (5- ft \ fl -(5- V"' 



1 ; vo i/ vo 



We find that 



= / ^P{-5-'p-^x)iipXp\-\Hx)d''x- f ^P{S-'p-^a)iipXp'\-\Ha)d''a. 

J 'Zip J Zp 

If n = s > 1, then L{^,'jte <?> x) = 1 and 

P{H4'''^)W^,x)= [ i'{-5~^P~-x)xp{x)d-x- ( i,{5-'p--a)x,\a)d^a 



=e(l,Xp,V')e(l.Xp-\V')-CF(l)' 

= \p-\L{l,TE/Ff- 

If s = and n = 1, then x is unramified and 

i~MpXpI-IMp) i-l^^l 1-MpXp'HMp) 



i-m;^Xp"1-IMp) i-m;^xpI-IMp) 

- * _i - 

l-MpXpl-l'(p) 1-MpXp M'(P) 



CF(l)'-M^Wb| 



2 I |2 -^(^7 MpXp)-^!^; MpXp) ^ ti\2 I -1 -1\ 

= ^^^1^1 •L(i,.pX.)i^(i,.pXp)-^^^'^ ^'^^ = '^^ '^^ = ^^ ^ 

2, ,2 ,,1 ^ , ,2 /(l-<Xp-'W)'(l-a;ix^Hp))' •••PfA^, 



This proves the formula in the split case. 
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Now we assume that p is non-split. We introduce the matrix coefficient m'l' : G{Qp) = GL2(Qp) 
defined by 

mt(5) := h{-K{g)WlWl). 
The function ra\g) only depends on the double coset Ipglp, and by definition 

Put 



* := / mt(4")(i))x(i)dt. 



P 

J EX IF 

It is clear that 

(3.17) p(.(4"^)%nx) = • 

To compute P*, we make some observations. Let r e Z>o. For y e p''Zp , we have 

4")(l+2/0)eX,w(^^"Q" Ij, if < r < n (w = (^_"^ j)) 

and (1 + yQi) G Xp if r > n. For y e pZp, we have 

where e = if p is inert and e = 1 if p is ramified. Put 

Xr:= [ x{i + ye)d'y, 

where d'y is the Haar measure on Zp such that \o\{7ip,d'y) = L{1,te/f) \Dk\^ ■ Using the decomposition 

E"" = i^^ (1 + Zpd) □ F"" (jfLp + e), 

we find that 

P*=l x(l + y0)m"(4")(l + y0)Kj/+ / x(y + e)m°(4"H2/ + ^))|y + ^l^'c«'2/ 

J Tip JpT-p 

(3.18) 

=X„.mO(l) + 5^(X.-X.+Om°(w(P^ /_„)) + Fo • m^w ( ^ ^ ^!^„)), 

r=0 

where 

Suppose that n = s > 1. Then it is easy to verify 

• = if < r < n, 

• Xo + lo = if p is inert, and = Iq = if p is ramified. 
It follows from (3.18) that 



P*=X„.mt(l) + (-X„).mt(w(^J ^°i^) (X„ = |p"|i(l,Ts/f)i£>^p). 



If TT is a unramified principal series, then 



^ fj,p{p) _ Vp{p) ^ I - iipVp^\-\{p) ^ ^ 

1 - /^pt'p ^ I • I (p) 1 - bl Mp(p) - ^'p(p) 

= CF(l)-K|i(l,TB/F)|£'i^|'. 
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If TT is special, then by (3.15), 

=Cf(1) • b"|L(l,rs/F) \Dk\-^ il^pi^p'ip) = \P\). 
Suppose that s = and n= 1. Then we have 

• If p is inert, then Xo = l — Xi= L{1, te/f) and Yq = Xi. 

• If p is ramified, then Xq = \Dk\ ^ and Yq = x(^£) \Dk\ ^ ■ 
Case (1): p is inert and tt is unramified. Then 

P*=mt(l)+Xo-(mt(w('j; M)-mt(l)) 



= al \pf (1 - ■ Cf{1)L{1, te/f) • tts ® x) 

Case (2): p is inert and tt is special. Then = 1, so ep(7r, x) = and 

p* ^ \P\ - apMp(p) W ^ Q 

Case (3): p is ramified and tt is unramified. Note that 

Let /3 := x(^J7b)MpI"P(p)- Then we have 

|Dxr^P* = b|-mt(l) + (l-H).mt(w(j ^°i))+x(t^£;)mt(w(^J 

= (1 - bl + ^)(mt(w ^^i) ) - mt(l)) + (1 + /3)mt(l) 

= + (/^pW bl = /3 = bl ) 

= al \pf ■ (1 - x{^E)a-'f ■ CF(l)i(^, TTB ® x)- 
Case f^^; p is ramified and tt is special. Then = x(we)^ = 1 and 

\Dk\-'^ P* = \p\m\l) + il~\p\){-ap)m\(P'^' ) + xM(-a,)mt( (^^^^ J 

^ bl^ (1 - x(^j;)'^p) 
1-H'^{p)\p\ 

We find that if x(^b) = cKp) then P* = 6^(77, x) = and if x(^-e) = — ^p, then 

\D^\-ip*=- 2bl' 



) 



(1 - x{^E)^ip\■\Hp)){l + x{^e)^ip\-\Hp)) 

= bl' (1 - a-'xi^E)) ■ Cf{1)L{^,7Te ® X). 
The above calculations together with (3.17) completes the proof in the inert or ramified case. 
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3.7. Central value formula. Wc are ready to prove the central value formula connecting the toric period 
integral of the p-stabilized form ipl^, in (3.2) and the central L-value of ttk twisted by anticyclotomic characters 
X satisfying (crit). 

Theorem 3.11. Suppose that x has conductor . Let n = max{l,s}. Then we have 

X x(0^+)e(7rp) n {^-^<ik^K,X)) 

q\iDK,N-) 

Proof. This follows from Cor. 3.6, Prop. 3.8 and Prop. 3.10. □ 

4. THETA elements and p-ADIC L-FUNCTIONS 

4.1. i?-adic modular forms. Let £ | N~ be a rational prime. Wc briefly review f-adic modular forms on 
. Recall that we have fixed an embedding : Q C^. Let A and ( be the primes of Q and K induced 

by Li respectively. We let i/f, : B M2{K{) be the composition ix^ '■= i-e ° defined in (2.2). Define 
Pk,e ■■ AutLfe_2(C£) by 

(4.1) PkAg) ■= Pk{iKi{g))- 

By definition, p^j is compatible with pk.oo 

in the sense that pk,e{g) = Pk,oo{g) for every g G B^ , and 
Pk,e{R^) C GL2(Z^). When i = p and I = p, it is easy to see that 

PkA9) = Pk{lph{9K'), IP ■■= ""f^) e GUiK,). 

Let A be a O^, -algebra. For an open compact subgroup U <Z B^ , wc put 

Mk{U,A) = {/ : ^ Lk{A) \ f{agu) = PkAuJ^)Kg), a G i?^ w e «7Q>< } . 
Write Mk{NB,A) := Mk{R^,A). If A = A[j], there is an isomorphism: 

Mk{NB,A) 4 Mk{NB,A), f ^ f{g) := PkA9~^)f{g). 

We call / the l-adic avatar of f G M.k{NB,A). 

Let Q(7r) be the Hecke field of tt. In other words, Q(7r) is the finite extension of Q generated by Fourier 
coefficients of the elliptic new form Let O^r.^ C Ci be the completion of the ring of integers of Q(7r) with 
respect to A. The C>^,rmodule Mk{NB,OT,^i)[iT'j] := Mk{NB-,OT,^()r\Mk{NB,Ci)[K'f] has rank one. We say 

G ]VIfc(A^B, C)[7rj] is i-normalized if its €-adic avatar is a generator of jVlfe(A''B, 0^^£)[7r^] over Ojr.^- 
This is equivalent to the following condition: 

/7r'(5o) ^ (mod A) for some 50 G G(A/). 

4.2. Theta elements. Let n > 1 be a positive integer. Let Q,,, = K^\K^ /O^ be the Picard group of the 
order On- We identify Gn with the Galois group of the ring class field of conductor over K via geometrically 
normalized reciprocity law. Denote by [•]„ : Qn, a [a]„ the natural projection map. We consider 
the automorphic form <^|^' = ^'(v^ (g) fj^') in (3.1). By (3.3), the function — >■ C, a (/jJ^' (.T„(a)) factors 
through Qn, so we can extend </?|^' linearly to be a function : C[Gn] — ^ C. Let P„ := G Gn be the 
distinguished Gross point of conductor p". By definition, 

^^^Hc^iPn)) = ^l"'(2;n(«)) if ^ = Mn G Gn- 

We define the regularized Gross point as follows. If p | A^, we define by the formal sum 



pt.= J_.p -A 



n+l 



■Pr 



and if p I TV, we define = a - Pn- 
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Definition 4.1. The n-th theta clement ek"'(/J,) € C[5„] of weight m is defined by 

[a]„ea„ 

Lemma 4.2. Let 7r„+i,„ : ^ Qn be the natural quotient map. We have 

7r„+i,„(ei";],(/t,)) = eM(/t,). 

Proof. This is standard. For n' > n, let Kn'^n '■= Ker(0„' Qn). Using the description 

Kn',n = [{On ® Z^VU' = {[1 +p"t^0]n' I U S Z/p"'-"Z} , 

we find that 

^ (^[7l)t(^n+i(an)) = (v^LTV I t^p(2;n(a)) = a, • (^[7l)t(^n(a)). 

The lemma follows. □ 

Let G Sk{To{N)) be the elliptic new form corresponding to (f^^. The Fourier coeflacients of the g-expansion 
Uil) = E„>o ^n{U)q" at the infinity cusp are given by 



g<cx> 

Let Ap := pi~^ap be a root of the Hecke polynomial X'^ — ap(/^)X Let x be an anticyclotomic Hecke 

character of weight (m, — m) for an integer — fc/2 < m < k/2. We are going to give the interpolation formula 
of x(0r™'(/|/))^ in terms of the central value of the Rankin-Selberg L-function x. s) attached to 

and the theta series attached to a finite order character x- Recall that connection between the automorphic 
i-function L{s, ttk ^ x) and the Rankin-Selberg L-function L{f„/K, x, s) is given by 

(4.2) L{s, TTK^X)^ rc(s + + m)rc(s + - m) • L{f^/K,x, s + ^^^). 

Define the period ^It^^n- of tt' by 

4'=-V'=||(^^||r„(iv) 



(4.3) a 



TT.JV- • — 



{U',U')i 



Proposition 4.3. Suppose that % has the conductor ofp^. For every n > max {s, 1}, we have the interpolation 
formula 

x{QW.>?) =r(| + m)r(| - m) . "^^^'^'^^ • e,(7r,xt^)^-°^^^W . Ap'^fD^f-' 

X(^+)e(7r,)(-l)- n (l-e(7r,)x(q)). 



Proof. We may assume n = max{l, s} by Lemma 4.2. By (3.3) and the definition of theta elements, we 
have 

P(7r'(^(")),<pt,^^) = vol(f/,n,dOa^ • X(e[rl(4')) ivl = 
Recall that dt is the Tamagawa measure, so 

YO\{Upn,dt) = VOl{UK,dt) ■ L(1,TK,/^J br = i(l,TK,/^Jp-"- 

V-L'if • UK 

Combining these equations, we find that 

x(eH(/:,)) = ^^^f^ • 77^^ • i^(^^"^^>x). 
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Thus, the proposition follows from Theorem 3.11, (4.2) and the formula: 

eg(7rx,x) = e(7rq)x(q) for q\{DK,N-), q = . □ 

4.3. p-adic L-functions. We shall use theta elemetns to construct anticyclotomic j3-adic L-functions at- 
tached to / and derive the evaluation formulae. We begin with a key observation. 

Lemma 4.4. Suppose that p > k — 2. Let A c Cp be an OKf-algebra. Let f G M.k{NB, Cp) such that the 
p-adic avatar f G M.k{NB, A) is a p-adic modular form over A. Let 

/v. := *(v;k /) e A{G) 

be defined as in (2.10). For a G , we have 

(1) p"(^)/v„(x„(a))(a^/ap)™ e A; 

(2) the congruence relation 

P"^'^'/v„(^n(a))(Vap)" ^ (-y^)'^((y^^ - n'"',/(xn(a)))fc (modp"A). 
Proof. We write a = {a^P\ap) € {K^p^)^ xK^ . By definition, we have 
(4.4) /v„(x„(a))(a^/ap)'" = (/9fe,p((4"))-i)v:„, 7(x„(a)))fc. 

Here we are making use of the fact that Pk,p{t) acts on by (t/t)"^ for t € {K®(^p)^ . A direct computation 
shows that pk,p 

((4"V')) = Pk{Zp), where 

= [-Vp-'p- -p- + es J ^ " 'P^^* 

and 

„ / p-" + N(6>) v^(p-"+^')\ . 
Zp = \ Y _ 2 nvT/^N I II P IS non-split m A. 



, -V? (p"" + r) -p-"-N(6>) 
Note that det Zp = -p'^'Dk, 



p^Zp e M2{Ok,), p'^Zp = { ^) (mod p'^OkJ. 



.pfe,p((4"))-i)P(X,y) =p'^d'/ P{{X,Y)Zp){detZpY 



For P{X, Y) e Lk{A), we find that 

(4"))-^)P(x,y) 

={-i)^Piix,Y){p"Zp)) e ifc(^). 

In particular, 

p'^PkAii'^^r'X ^ (-v^)'^(v^x-y)'=-2(modp"). 

In view of (4.4), the assertions of the proposition follow immediately . □ 
We make the following ordinary hypothesis: 

2-k 

(ord) /tt' is p- normalized, and the p-adic valuation of the Up-eigenvalue ordp (ap) = — - — . 

Corollary 4.5. Suppose that p > k — 2 and (ord) holds. Then 6ll"'(/^,) e OTr,p[Gn]- Moreover, 

0L"1(/IO ^ e[ol(/t,) imodp-0^,p[Sn]). 
Proof. By definition, if a = [a]„, then 

'P^:^\'^{Pl)) = ap>lTl(x„(a)) - ap^(ap-("-iVlT'(x„_i(a))). 
Applying Lemma 4.4 to / = /tt' , we find that 

• v>^:^{cT{p^))eo^,p, 

• <P^^\cr{P^)) (mod p") is independent of m. 
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The corollary follows immediately. □ 

Let Qoc Gn- Let r~ ~ Zp be the maximal Zp-free quotient group of Goc and let A be the torsion 

subgroup of Goo- We have an exact sequence 

O^A^Goo^T-^0. 

Fix a non-canonical isomorphism Goo — AxF" once and for all. If n > 1, the map A — )• Goo Gn is injective, 
and hence 

5„~Axr-,r-^r- :=g„/A. 

Let xt be a branch character, i.e. a character xt : A — )• and let O = OTr.pixt]- Define the Xt-branch of 

&n{fl,xt) :=xt(ek°i(4'))eora. 

We define 

Qooin) := {ek°i(4')}^ e oiGooi ; eoo{n,xt) := {e„(/]„xt)}^ = xt(eoo(7r)) e op-i. 

Let X"'* be the set of critical specializations defined in the introduction. Note that X^'''* consists of the 
p-adic avatars of Hecke characters x of p-power conductor satisfying (crit) and trivial on A. 

Theorem 4.6. Let v e X^'''* be a p-adic character of weight {m,—m) and conductor p^. We have the inter- 
polation formula 

HQoo{n,Xtr) =r(| +m)r(| - m) • ^(/-/^'Xt^'t) . ep(7r,x*^)^-°^'^''(^) ■ p^A-'^ip^K)'-' 
X ■ e(7rp)(-l)" n (1 - <'^9)Xt(q)) • Xt^^(OT+). 

9|(DK,JV-),g=q2 

Proof. Let no = max{s, 1}. Let r > no and let n > r such that i/ (mod p'') is trivial on d?^. Let x = Xti'- 
By Cor. 4.5, we have 

f7(eoo(^,x.)) ^ x(eL°i(/]0) ^ xCelr'C/iO) = x(et'i(/:,)) (mod f). 

This congruence relation holds for all r > no. Therefore, P(6oo(7r, Xt)) = x(0Ti^k/7l-'))> and the theorem 
follows from Prop. 4.3. □ 

Remark 4.7. The theta element OooC"", Xt) is tbe square root of the anticyclotomic p-adic L-function associ- 
ated to (tt, Xt)- In view of the evaluation formula, we assume the following local root number condition in the 
remainder of this article: 

(ST) e(7r,)xt(q) = -1 for every q \ {Dk, iV") with q = q^. 

Note that (ST) is always satisfied if {Dk,N~) = 1. 

Let * : 0|[5ool ~^ C'l^ool be the involution defined by a i->- a~^. We show that 6oo(7r) satisfies the 
functional equation in the following sense. 

Theorem 4.8. Let ro be the number of prime divisors of {Dk, Let 

e' := n e {±1} 

and let a<yi+ = {[^'^]n} be the image 0/0^1+ in Goo- We have the functional equation: 

OooCtt)* =e'- 600(77) -a-i.. 

Proof. Let <^7r' = f^^^ Using the automorphy of (Pt^i, we have 

By the choice of J and Lemma 3.7, it is straightforward to show that 

7r(J^,n)¥'7r'(Q) = e' • Vn'{(^m+{Q)) for Q & Gn- 
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Therefore, 

This proves the theorem. □ 

Remark. Note that €{^00) = (—1)^- If Xt = 1 is the trivial character, then e(7rg) = —1 for all q\N~ by (ST). 
It follows that 

q¥=p 

5. The non-vanishing of theta elements modulo £ 

5.1. We retain the notation in the previous section. Throughout, we suppose that f-^i is ^-normalized. The 
purpose of this section is to study the non-vanishing properties of theta elements |o„(/|,,X4)| modulo A. 
Let A'^'s bg the subgroup of Goo generated by the image of i^rlm •= IlgiDR: ■ It clear that A'^'s jg g, 
(2, • • • , 2)-subgroup of A. Let Vq be a set of representatives of A^'s K^^^. Choose an arbitrary set Vi of 
representatives of A/A'*'^ in . Then D := DiDq be a set of representatives of A in ii'^ . By definition, we 
can write 

(5.1) e„(/t„xt)= Yl E xtw(«r E ^t'(^n(™)rf)x*(rf)) •[< (v't- = *(vs®4,)). 

5.2. Uniform distribution of CM points. We recall a crucial result in [CV05]. Let the closmc of 

in and let 'b'^ be the closure of in B^. Let CM := lt\B'' , X := 'b'\B'' and Z := Q+\Q''. The 
group B^ acts on these spaces by the right translation and acts on CM an Z by the left multiplication. 

Let Red : CM ^ be the natural quotient map and let c : — >■ be the map induced by the reduced 
norm N : ^ Q^. For g' e B^, let [5] denote the image of g in CM. Let U be an open compact subgroup 
of Put 

A'(I?i,Zi) = Jl XjU and Z{Vi,U) = ]J Z/N{U). 
rex>i TeT>i 

Define 

Redp, :CM — > X{Vi,U), x H> (Red(T • x)U)reVi 

and 

The following proposition is a special case of [CV05, Cor. 2.10]. 

Proposition 5.1. Let H be a B^ -orbit in CM and let H be the image ofH in CM/U. Then for all but finitely 
X gH, we have 

RedT,AOi-x)=c:^lid^-x), 

where x = cx>i o Redx>i (a;) . 

Proof. This is [CV05, Cor. 2.10] with 6 = {0} and 91 = Di. □ 

The following corollary is a immediate consequence of the above proposition. 

Corollary 5.2. Let {/^rj^gpi ^ sequence in A such that € A^ for some n. Let f G M.2{li, A). Suppose 
that 

(1) f is not Eisenstein; 

(2) NiU)DUqiD.^^- 

Then there exists an integer no such that for every n> no, we have 

/3r • f{xn{aT)) 7^ for some a € . 
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Proof. Let Pq := [c^^^] e CM. Let H = Pq ■ be the -orbit of Pq- Then P„ := Pq ■ (^^ e 

and from (2.8) we find that the image of {Pn}„=i 2 ... distinct in K^\B^ /R^ . By Prop. 5.1, there exists 
no such that 

(5.2) Rede, (O^Pn) = c^^ {O^K) for every n > uq. 

Fix n > no. Since / is not Eisenstein, f{y) 7^ /(z) for some y,z E X with c(y) = c{z). The assimiption (2) 
impUes that the norm map N : — >• Z/1SI{U) is surjective as the class number of Q is one. Hence, replacing 
X>i by aX>i for some a G if necessary, we may assume 

civ) = c(z) = c(Red(TiP„)) (mod N(Z^)). 

Take (wx)Tex>i € CpJ(P„). By (5.2), there exist 01,02 G such that 

Redpi (aiP„) = (y, , • • • ) ; Redi,, (aaPn) = (2;, , • • • )• 

It follows that 

J2 ■ f{Xn{aiT)) - ^ /3x • /(x„(a2T)) = /3,,(/(y) - f{z)) ^ 0. 

It is clear that either ai or 02 does the job. □ 

5.3. Eisenstein functions. Let A be a Z-algebra. Let U be an open-compact subgroup of . Denote 

by M.2{U,A) the set of functions h : B^\B^ A such that h is right invariant by U. Let A42{A) := 
^^ucSx -^2(?^, ^) be the space of smooth ^d-valued functions on B^\B^. We write q : — >• AutA^2(^) 
for the right translation of . 

Definition 5.3. Let B^ = {g € B^ \ N(g) = 1} be an algebraic group over Q. Put 

A^2(^)Eis := {h e M2{A) I Q{g^)h = h for all e B\Af)} . 
It is clear that .M2(^)Eis is a B^-invariant subspace of A^2(^)- Let 

S2{A) := M2{A)/M2{A)^^. 

Let S2{U, A) denote the image of M2{U, A) in S2{A). 

A function h € M.2{A) is called Eisenstein if /i € A^2(^)Eis- Equivalently, h is Eisenstein if and only 
h{g) = hi(N{g)) for some smooth function hi : Q^\Q^ — )■ A. 

We make the following observations in the flavor of Ihara's lemma. The first one is taken from [Vat03, 
Prop. 5.3]. 

Lemma 5.4. Let q j be a finite place. Let tq G B^ such that N{tq) = q. Let TZ' G EndA^2(>i) be the 
endomorphism defined by 

n' = l + /3-g{tq) {13 G A). 
Suppose that U D := (POz Z,)^ = GL2(Z,). Then W : 82(17, A) S2{A) is injective. 

Proof. Let h e M2iU,A). If TZ{h) e A^2(^)Eis, then it is easy to see that h is right invariant by SL2(Zq) 
and tq SL2{Zq)t~^ . By a theorem of Ihara, h is right invariant by SL2(Qg) and hence by Pi (A/) in virtue of 
the strong approximation theorem for Pi . □ 

Lemma 5.5. Let q f N~ be a finite place. Let - ■ ■ ,(3s & ^ o,nd let TZ G End{M2{A)) be the endomorphism, 
defined by 

i=i ^ ^ 

Then TZ : S2{U,A) — )• S2{A) is injective. 
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Proof. Let h G M2{U,A). We need to show that if 

i=i ^ ^ 
then h S A^2(^)Eis- Let S?j D t/ be the stabihzcr oi h in . Namely, 

Sh {5 e I Q{g)h = h] . 
Let Af(Qg) be the unipotent radical of the upper triangular subgroup in GL2(Qg) and let 

N' := Af(Q,) n [/ C 5^. 

Write u := ^ and 

s 

P{u) = -Y^I3iQ{uy-^ G End7W2(A)^'. 

By the assumption that h — Q{u)P{u)h G A^2(^)Eisj we find that for every positive integer n 
(5.3) h - q{vJ')P{uY ■ h e A^2(A)Eis. 

Since h, P{u)'^h G A42{A)^ and A''' is a proper subgroup, using the identity W 
we deduce from (5.3) that 

/1 ^\ 

e Sh for all X e Qg. 



1 x\ „ A 
iT^ 1 



1 .T 

^0 1 

On the other hand, ( ) e for some y G . By the relation 



y 1 



1 0\ A y-^\ ( (I y-i 

y 1 j lo 1 M-y Mo 1 



we find wq = [ ^ ^ ^ G Sh, and hence 

It follows that Sh contains SL2(Q5) • U. By the strong approximation for , we find that B^{Af) C Sh- □ 

Let Ptt.A : Gal(Q/Q) GL2{Ojr,e) be the ^-adic Galois representation attached to f^. 

Lemma 5.6. Suppose that the residual Galois representation pT^^x is irreducible and £ > k — 2. Let v G 
Lk{0^^i). Ifv^O {mod A), the function fv{g) '■= (v, /7r'(fl))fe {mod A) G M.2{0^^i/X) is not Eisenstein. 

Proof. It follows from the irreducibility of Lfe(C?,r,^/A) as GL2(07r,^/A)-module when £ > k — 2 that /v is 
not a zero function. Therefore, if /v is Eisenstein, then p,r,A is reducible. □ 

5.4. The vanishing of /^-invariants. For each positive integer s, define the open compact subgroup Ii{p^) 
of by 

Xiipn--=[9^R'' \9p=(^q 1) (modp«) 

Let tu be a generator of the maximal ideal of O := OTr^i[xt]- Suppose that £ = p. We follow the approach of 

Vatsal to study the /i-invariant of Ooo(7'',Xt) G OIF"]. 

Theorem 5.7. Let tq be as in Theorem 4-8- In addition to (ST) and (ord), we assume that 

(1) p>k-2 and 2^0, 

(2) P%,\ is absolutely irreducible. 

Then Iwasawa fi-invariant o/Goo(7r, Xt) vanishes. 
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Proof. We define a function fp : B><\i3^/Q^ ^ O/wO by 

(5.4) %{g) = {-^/pf-^ ■ {{^f^X - Yf-\h{g)) (mod w). 

A direct computation shows that fp e A^2(2^i(p), C/wC')- Let U-d^ be the open-compact subgroup given by 

l^T>o = [9&R'^ \gq& Rq n tUK.Rqrz^Kl for all Q\Dk} , 
where zuKg is a uniformizer of Kg . It is easy to see that 

(5.5) N{Ut,,)d l[Z^. 

q\DK 

Let i-Do e M2iUvo nXi(p), O/roO) be the function defined by 

^0(5) = X) ^p(9d)xt{d) (mod tu). 



From Lemma 4.4, we can deduce that 



e„(4„Xt) (mod ^)=A-- ( E 4o(^nM)x*W ) • [n]n, 

where 4^ e M2{U,0/tuO) is given by 

To prove the vanishing of the /U-invariant, we need to show that for n 0, there exists a& such that 

E ^T)a^^n{aT))xt{T) # (mod ro), 

and in turn, it suffices to verify the assumptions for f|,.^ in Cor. 5.2. By (5.5), N(ZY) D IlgiDjf ^g- l^Y 
Lemma 5.6, fp is not Eisenstein, which impHes that fj,^ £ M.2{U,0 /vjO) is not Eisenstein by the following 
Lemma 5.8. □ 

Lemma 5.8. Suppose that fp is not Eisenstein. Then fjj,^ is not Eisenstein. 

Proof. Let q\DK be a ramified place and vjk^ be a uniformizer of . Put 

:= l + Xt{'^K,)Q{vJK,) e End(A^2(O/tJ70)). 

Let {q^}^^]^ ...^ are the set of prime divisors q of Dk with g | A''". By the assumption (ST), we have 

f^,, =2'-<'.7e;o7e;...o7e;,(fp). 

Applying Lemma 5.4 and Lemma 5.5, we conclude that fj,^ = 7?.p(fi3o) with TZp := 1 — a^Ap ■ q{{^ q ) is 
not Eisenstein if fp ^ A^2(C/t^C')Eis- D 

5.5. The non-vanishing modulo i. with anticyclotomic twists. Suppose that I ^ p. We prove the 
non- vanishing of central L- values modulo I with anticyclotomic twists, using a Galois average trick of Sinnot 
in [Sin87]. 

Theorem 5.9. In addition to (ST), suppose that 

(1) e\ T-°pNDk ande>k-2, 

(2) P%,\ is absolutely irreducible. 
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Then there exists an integer tiq such that 

iy{en{fl,Xt))^0{mod A) 

for all finite order characters : F" — > fi^,^ of conductor , n > Uq- Therefore, it follows from Prop. 4-3 
that for all but finitely v : T~ — > jUpoo, we have 

Proof. Let fl, be the ^-adic avatar of the p-stabiUzation /^,. Define : B^\B^ O by 

Fi{g) = {yK,fl,{g))k. 

Note that 

ipl,{xn{a)) = Feixnia)), aeK"". 
Let = 0/wO[iJ,p\ be the finite extension of the finite field O/wO generated by the values of Hp. Put 

J' = {5 e -R^ 5 = 1 (mod £), gp G X^} . 

Then F^ (mod A) e M2{T','ke). Define F-d^ e M2{U!p^,ke) by 

Fvo (5) := E ^* ('^)^^ (9d) (mod A) (ZY^,„ = X' n ZYp J . 

It is clear that F-p^ is invariant by the Iwahori subgroup Tp and is an ?7p-eigenform with eigenvalue ap. Let 
be the order of the Sylow p-subgroup of . Let v : T~ ^ fip^ be a character of conductor with n > s 
(so 1/ : r~ /Xpoo is injective). Put 

c„ = {7er- |K7)ek,x}. 

Then we have C„ = Ker(5„ — >• 5„_s). Let k^(i/) be the field generated by the values of i' over k^. Since k^ 
contains /i^, rfy := [k^(^') : k^] is a p-power, and for a p-power root of unity ( G k^(i'), we have 



Trk^(!.)/k^(C) = 




•••C^k,, 
•••Cek^ 



It follows from the above that for each a € ^kJ' 

Trk,(^)/k,(Q!pXtz^(a"^) • i^{On{fl , Xt)) (mod A)) 

(5.6) [u]„ec„ revi 

i-er"! yGZ/p=z ^ ' 

for some primitive p'^-th root of unity Ci^. Define e A^2(k^('^)) by 

ThenFp^, G M.'2.{ll' M{v)) for ZY' = Ji(p2'*) nZ^^^. We can rephrase (5.6) as 

(5.7) Trk,(;.)/kf(apXti^(a~^) • J^(e„(/^,, xt)) (mod A)) = • E -pDo(2:n(a'r))Xf ('t)- 
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We proceed to show that Fx)^ is not Eisenstein. Under our assumptions, -Ppo is not Eisenstein by Lemma 5.6 
and Lemma 5.8. A simple computation shows that 

ae(Z/p<'Z)x ^ ^ ae(Zp/p=Z)x j/eZ/p»Z ^ ^ 

yeZ/pZ ^ ^ 

The above equation impUes that fi),, is not Eisenstein by Lemma 5.5. On the other hand, it is clear that 
N(Z//') D rigiDif (5.5). Hence, we can deduce the theorem from Cor. 5.2 in view of (5.7). □ 

6. The comparison between periods 

In this section, we compare the periods defined in (4.3) and Hida's canonical period f2,r- Henceforth, 

we assume (. = p and is p-ordinary. Let T(ro(A^)) be the Hecke algebra over O of the space of elliptic 
modular forms Sk{J^o{N)). Then tt gives rise to an O-algebra homomorpliism Att : T(ro(A^)) — )■ O such 
that \-,^{Tq) = Trp^_p(Tg) for all q \ pN. Let t].^{N) be an O-generator of the congruence ideal /^(A'') := 
A7r(AnnT(ro(JV)) Ker A,r) C O. Then Hida's canonical period is defined by 

Here we are making use of the fixed embedding O ^ Cp ~ C. In general, the ratio fl^ jv-/^7r lies in O. This 
section is devoted to showing that jv-/^7i- S in certain favorable situations. Let Gq = Gal(Q/Q). For 
each place q, we fix a decomposition of group Gq in Gq and let Iq be the inertia group in Gq. Let pQ := p^_p 
denote the residual Galois representation and let be the Artin conductor of po- Throughout, we assume 
the following: 

Assumption 6.1. (1) The prime p > 3 and p\ N. 

(2) The restriction of po to the absolute Galois group of Q{\J {—l)^p) is absolutely irreducible. 

(3) N-\N^. 

(4) For each prime q such that q^ \ N and q = —1 (modp), po|/<, is irreducible. 

When k = 2 and is square-free, under mild assumptions, Weston and Pollack [PWll, Thm. 6.8] give 
the formula of the ratio jv-/^7r in terms of local Tamagawa numbers at primes dividing N~. They 
do not need to assume the ordinary hypothesis, but their approach does not seem applicable currently if 
k > 2. Nonetheless, it is pointed out in [PWll] that the statement 0^jv-/rJ7r G is equivalent to the 
freeness of spaces of modular forms on B over the associated Hecke algebra. Therefore, it is natural to study 
the comparison between periods ri,r,jv- and Cl„ by the standard techniques developed by Wiles, Taylor- Wiles, 
Diamond and Pujiwawa in the proof of "R = T" theorems. We shall impose an additional technical hypothesis: 

(Dist) If q \\ N+ and q = l (mod p), then q\ N^. 

Proposition 6.2. With Assumption 6.1 and (Dist), then the congruence ideal l7r{N) is generated by (/tt', /tt')/?- 
In other words, fl^j^- = u • fJ^r for some unit u € . 

We prepare the notation and recall some basic facts in the first two subsections and carry out the proof of 
Prop. 6.2 in §6.3. 

6.1. Hecke algebras and congruence ideals. For an open-compact subgroup U C , put S{U) := 
Mk{U,0). For geB"", Let [UigU2] G Homo(5(C/2), 5(C/i)) be the Hecke operator defined by 



[UigU,]f{g) = Y,PkAm)f{99i) {UigU2 = \JgiU2). 
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Let M be a positive integer. We put Um '■= Rm ^i^'l S{M) = S{Um)- If g f M, let Tq denote the operator 



and if q \ M, let 

for q f and Ug = [UM'^^qi^M] for q \ N~ 



where vjq <E such that N(cc7q) = q. Let T(M) be the Hecke algebra generated over O by Hecke operators 
Tq for g t M and Uq for q\M in Endo S{M). Define the perfect pairing ( , )m : 5(M) x5(M) O by 

(6.1) (/i, /2)m := /2(fl^'')>fc • (tt(^' n <?Z^Mff-^Q")/Q"))-\ 

[s] 

where [<?] runs over B'' \ B^ /UmQ,^ ■ It is easy to verify that 

(i/i, /2)m = {futh)M for aU i e T(M). 

The Jacquet-Langlands correspondence induces a surjective homomorphism JL* : T(ro(A'')) T{N). Let 
Att' : T(A'^) O be the O-algebra homomorphism induced by it'. Then wc have A^r = JL* o \^r. By 
the level lowering (c/. [Jar99]), there exists a minimal modular lift Ag : T{N^) — >• O such that A0(Tg) = 
A^'(T,) (mod mo) for all g f AT (mo = O n A). We write 

N = Nt^l[q"'^. 

Q 

Under Assumption 6.1 and (Dist), it is known (c/. [DT94, p.435-436]) that 

• rUq < 2; 

• rUq = unless q \ and q\ N^; 

• If m, = 1, then g ^ 1 (mod p). 

Let S be a subset of prime factors of N/N^. Set N-^ := A^0 • IlgeE l"^"- be the maximal ideal of T{N-£) 

generated by 

mo, Tq - Xg,{Tq) for q \ JVe, Uq - K.{Uq) for q \ N^. 
Let Ts := T(A?'s)n,5, be the localization at ms- 

Lemma 6.3. (1) If q^ \ N^, then the Hecke operator Uq =0 m T^. 
(2) The Hecke algebra Ts is reduced. 

Proof. Part (1) is clear if g^ | N^, and if | N^/N@, it is proved in [Tay06, Cor. 1.8] (c/. [Wil95, Prop.2.15]). 
To prove part (2), it suffices to show that Uq are semisimple elements in Te for q \ N^. This is clear for q \ iVg 
or q^ I Nj: by part (1), and it follows from the assumption (Dist) for q \\ Nj:/N0. □ 

Let Ep : Gq —7- Zp be the p-adic cyclotomic character. It is well known that there exists a Galois represen- 
tation 

PE : Gq ^ GL2(Te) 

such that 

• Pe is unramified outside pN^, 

• TrpE(Fi'obq) = Tq for all q] pN^^ and det ps = £p, 

• There exists a character 5p : Gp ^ such that 

• for each q \\ N^/Nm, there exists a character Ss,q ■ Gq ^ such that 



PeIg, ~ (^^""'f^ ^* J and <5E,g(Frob,) = Uq 



Here Probg is the arithmetic Frobenious at q. 
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Let q I N/N^ such that q ^ T,. We define an element u^^q G Tx; and a level-raising map : '^su{g} 
as follows. If ruq = 2, set u^.g := and define 

If mg = 1, then the Hecke polynomial Pq{X) = X'^ - TqX + Q G Ts [X] is congruent to (X — q){X — 1) modulo 
ttiE- Since g ^ 1 (modp), there exists a unique root UE,g S Ts of -Pg(-'^^) such that us.g = 1 (mod nvs) by 
Hensel's lemma. Define 

(6.2) = - (J 2)/. 

In cither case, it is easy to verify that UqoLq = LqOUY.,q- Moreover, Lq induces a surjective map Tj]u{q} ^ Ts, 
sending [/^ to us by the following lemma: 

Lemma 6.4. The map Lq is injective, and S^u^q^ / Lq{Sj:) is a free O-module. 

Proof. This is [Tay06, LemmaS.l] (c/. Lemma 5.5). □ 

The above construction gives rise to a homomorphism Ts -» T0. If A : Te — >■ O is an O-algebra homomor- 
phism, we write Ix for the kernel of A and put 

Sj:[X] := {xgSj:\ Ixx = 0}. 

Let As : Ts ^ O be the composition. The O-module ^^[As] is free of rank one by the strong 

multiplicity one theorem and the rcduccdncss of Tj]. Let 5s[As]^ be the O-module defined by 

5s [As]^ = {xe 5s [As] <E)o ^ I (a;,y)iv^ e O for all y e 5s [As]} • 

Then 5s[As]^ D 5s[As]. We let C(A^s) := 5s [As]""" /5s [As] be the congruence module of As and let tj^ = 
As ( AnuTj; /as ) be the congruence ideal of As . It is known that 

(6.3) ttC(iVs) < tt(0/r?s) 
and the equality holds if 5s is free over Ts (so Ts is Gorenstein). 
Lemma 6.5. If q || N/Nq) and q then we have 

ttC(iVsu{,}) = ttC(^E) • tt(O/(A0(u0,,)2 _ ^p)^ 

Proof. Note that ^^{uii^^q) 7^ 1 as Ag is unramified outside iVg. Let L* : 5s — >■ 5su{q} be the adjoint map 
of Lq with respect to ( , )jvs and ( , )jVsu{<,} • follows from Lemma 6.4 that 

(6-4) ig(5s[As]) = 5su{9}[Asu{g}] ; ■^9(5su{9}[Asu{g}]^) = 5e[As]"'". 

Let U = and Ui — l^N^^^igy ■ ^ direct computation shows that 

L*q=u^,q-[U(^^ fjU^]-[UU,]. 

Therefore, we find that 

L*qOLq=U^,q-[u(j^ U] ■ U^,q - Uj:.q ■ [U (^^ U] ■ {1 + q) - [UU] ■ {1 + q)us,q + [U (^^ U] 

=(l + 4,,)-T,-2us,g-(l + g) 

="E,9("l,g-l)("l,9-9)- 

Since u| ^ — q=l — q^O (mod nxs), by (6.4) we find that 

ttC(A^su{g}) = ttC(7Vs) • tt(5s[As]^/L* o L,(5s[As])) 

= iC{Nj:))-iO/{X^{u^^qf-l)0. □ 
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6.2. Deformation rings and Selmer groups. We introduce certain deformation ring. Recall that p is a 
deformation of po if p{mod ttia) — Po- Consider the functor 2)e from local Noetherian O-algebras with the 
residual field k to sets which sends A with the maximal ideal to the isomorphism classes of deformations 

p '■ Gq — >■ GL2{A) of Po satisfying: 

(Dl) det p = Ep-, 

(D2) p is minimally ramified outside S in the sense of [Dia97a, Def. 3.1]; 
(D3) There exists a character 6p : Gq ^ such that 



Under the assumption (Dist), it is a standard fact that S)s is represented by a universal deformation 



The universal property of i?s gives rise to O-algebra homomorphisms — >■ i?0 and Rj: — >■ Ts under which 
Prs pushes forward to pij^ and respectively. 

Lemma 6.6. The map Rj: ^ Ts is a surjection. 

Proof. It follows from Lemma 6.3 that T^; is generated by Tq for q | iV^ and Uq for q || N^. If g f N^, we 
have Tr pflj, (Probq) i-^ Tq. If q \\ N^, then 




(D4) 



For each q \\ Ns/Nf/,, there exists a unramified character 6q : Gq ^ A^ such that 




PRs ■ Gq GL2(-Re). 




□ 



Let pE be the kernel of the O-algebra morphism: 



i?S i?0 ^ T0 




O. 



Let Wp denote the discrete Galois module ad^ px^ (g) K/O. Define the subspace by 



Define the Selmer group by 



It is not difficult to show that we have an O-modulc isomorphi 





Lemma 6.7. We have a natural inclusion map 



H}{Qq,Wp)-^H^Qq,W;). 



In particular, ifT, D Q2, then we have an exact sequence 



9||JVs/JV0 
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Proof. Let g || iV/iV0. Let := VT^/W^ be a discrete Gg-moduleofO-corank one. Consider the following 
diagram: 

^ H}{Gg, Wp) ^ H\Gg, Wp) H^{Ig, Wpf^ > 



TTl 



7r2 



H\Gg/I,, W-) H\Gq, W-) H\lq, ^ 0. 

Since q ^ l(inodp), H°{Gq,W-) = H^{Gq/Iq,W-) = 0. It follows that kerTTi = H^{Gq,W+) and 
H^{GqlIq,W+) ~ H){Gq,Wp). By the snake lemma, H){Gq,Wp) is a submodule of H^{Gq,W+). The 
second assertion follows from the exact sequence 

O^Sel^AWp))^SeHWp)^ H hUgJJ 

and the isomorphism 

H\l,^W;f^ H\G,,W;)/H\GJI„W;) H\G,,W;)/H}{Gg,Wp). □ 
Corollary 6.8. IfT, is the set oj prime factors of N/Ntji, then we have 

MpDIUpqJpqJ- n tt(o/(A0Kg)' - 

gWN/Nn, 

Proof. By (6.5) and Lemma 6.7, 

«ker(pE/p| ^ PqJpU = i{Seh{Wp)/SelQ,iWp)) 

divides 

q\\N/N^ gllJV/JVj, 

= n ttra(9-l)(A0K,f □ 

q\\N/Ntt, 

6.3. Proof of Prop. 6.2. Now we are ready to prove Prop. 6.2. Let S be the set of prime factors of N/N^. 
By [Tay06, Thm. 3.2], we have 

Combined with Lemma 6.5 and Cor. 6.8, this yields that 

tt(Ps/p|) I ttC(iV) I 

By [Dia97b, Thm. 2.4], we conclude that iSs is a free T^-module of rank one. By definition, (/tt^/tt')/? = 
(/ttS /7r')jVB- Assumption 6.1 (3) implies that JL* : T(ro(A''))m Ts, where m is the maximal ideal containing 
ker Att- We thus conclude that 

UO/IAN)) = tt(5i:[A.']^/5E[A,']) = UO/{f.'J.')RO). 

This completes the proof. 
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